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E-mail address: jgal@pb.edu.plThe experimental investigation into tension and compression for softwood along grain direction shows
the linear inﬂuence of wood density on the tensile and compression failure stress. For other directions
determined by grain angles 25, 45, 90 for compression and 30, 45 and 90 for tension the inﬂuence
of density on failure stress was not shown. The investigation into the damaged structure of wood allows
identiﬁcation of the correlation between the tensile and compression failure stress and various failure
mechanisms occurring for these grain angles. In the work the author proposed a new approach to descrip-
tion of failure stresses of the anisotropic materials. Usually this problem is solved on the basis of the for-
mulated criteria for plane or complex stress states. Nonetheless the description of failure stresses may be
formed by mutually compatible fragmentary descriptions. In order to describe the tensile and compres-
sion failure stress the objects formed on the basis of the unit objects of second and fourth rank tensors
were used. The four models based on these objects or ﬁeld of these objects in the form of the second
degree monomials were used to determine the failure surface of normal stresses versus grain angle
and density. The density was introduced to descriptions by dependence of model parameters on density
using the least square estimation.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
For clear wood as an orthotropic material three principal axes
are assigned directed along the trunk – 1, radial (goes through
the pith of the tree) – 2 and tangent relative to growth rings – 3.
The speciﬁc cell walls structure of wood affect the mechanical
properties in principal directions or planes determined by these
directions. In the case of uniaxial stress states the independent
r1; r2 and r3 normal ultimate stresses and r4; r5 and r6 shear
ultimate stresses describe the failure of wood in the principal
directions. Different methods for failure shear stress assessment
are presented by Liu and Floeter (1984), Hasabe and Usuki
(1989), Lang (1997), Da Silva and Kyriakides (2007). Thus obtained
failure stresses are described by the criteria derived from tensor
polynomials or polynomials with Cauchy stresses. Cowin (1979)
and Liu and Floeter, mentioned above, obtained the failure shear
stress r04, by rotation of the coordinate system by angle H
(Fig. 1), derived from Tsai and Wu (1971, criterion).
Thus derived formula is in accordance with Hankinson (1921,
type strength criterion). Lang et al. (2000) presented the Szalai
description based on Ashkenazi (1976) criterion which, with Han-
kinson formulas, gives the shear ultimate stress description versusll rights reserved.grain and ring angles. Thus formulated combined models of failure
by shear, contrary to polynomials criteria, were applied for failure
description of ﬁve hardwood species on the basis of uniaxial shear
stress state tests. The off-axis tensile tests conducted by Xavier
et al. (2004) on maritime pine did not indicate any correlation be-
tween density and ultimate shear stress. Liu and Floeter, Hasabe
and Usuki, Lang et al. did not apply density to describe the ultimate
shear stress of wood although the density strongly inﬂuenced fail-
ure in the process of shear of wood. The tests on shear conducted
by Grekin and Surini (2008), Da Silva and Kyriakides (2007) men-
tioned above, show that failure shear stress for hardwood and soft-
wood is linearly dependent on the density of wood. Similarly to
shear of wood the failure tensile and compression stress along
the direction 1 depend on the density of wood. This dependence
for compression is pointed out by, among others, Gindl and Teisch-
inger (2002) for Norwegian spruce or Vural and Ravichandran
(2003) for balsa. The compressive tests for balsa conducted by Da
Silva and Kyriakides proved the inﬂuence of density on failure
stress along the directions 2 and 3 too. It should be noted that
the structure of wood under compression along the direction 1
may fail by plastic buckling of tracheids, kinking of ﬁber wood
(Poulsen et al., 1997; Byskov et al., 2002), collapse by end fracture
or collapse by local buckling (Gibson and Ashby cited by Reiterer
and Stanzl-Tschegg (2001)). The thick cell walls of tracheids and
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Fig. 1. Rotation of the principal coordinates axes 1, 2, 3 abaut axis 3 relative to
structure of wood.
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different failure mechanisms of wood structure. The tests showed
that failure compression stress (limit stress) is linearly dependent
on density although different mechanisms (for example for balsa)
damage the structure of wood. Wood under compression trans-
verse to grain fails by collapse of cell structure. While testing the
spruce on compression in radial direction, Tabarsa and Chui
(2000) attributed the effect of structure collapse to formation of
plastic hinges in tracheids. However, the tests into compression
conducted by Da Silva and Kyriakides on balsa showed that radial
and tangential yield stress are linear functions of density. Further-
more the strength properties as proportional limit stress vary to-
gether with ring orientation of compression to wood (Keneddy,
1968). A few failure mechanisms damaged the structure of wood
under tension. The failure mechanisms on the level of tension of
a single tracheid cell for latewood, earlywood and transition wood
for Norwegian spruce are presented by Eder et al., 2008. The tensile
tests showed that tension buckling appears as a failure mechanism
in thin wall cells. This mechanism for thicker cell walls is less
important for crack initiation of tracheids. In this work the author
showed that when buckling occurs the tensile strength is lower
than in the case when the buckling processes is absent. Undoubt-
edly, density of wood as a parameter of not only the contents of
wood components in the volume of wood has a signiﬁcant inﬂu-
ence on failure stress along the tracheids directions. The other
mechanism caused failure of wood structure under tangential ten-
sion. The tests conducted by Grekin and Surini showed that frac-
ture of Scottish pine goes along the middle lamella and these
observations support Thuvander and Berglund (2000) observations
of fracture mechanisms for radial cracks in wood. The tensile
strength along tangential directions is independent of density be-
cause the cell walls are not the subject to failure processes of wood.
The Tsai and Hahn (1980) failure criterion was applied by Liu
(2002) for the description of tensile failure stress of Sitka spruce
and Reiterer and Stanzl-Tschegg for the description of failure com-
pression stress without considering a wide range of wood density.
Similarly, Hasebe and Usuki, Eberhardsteiner (2002), Mackenzie-
Helnwein et al. (2005) all applied the Tsai and Wu (1971) criterion
however, they did not introduce the density of wood for the
description of failure in plane stress states.
From the above review of literature two important conclusions
may be derived. The ﬁrst concerns the density of wood. The density
should be considered in order to generalize the description of fail-
ure stresses in wood. For example the tenfold increase of compres-
sion stress limit for balsa or twofold increase for spruce along the
tracheid is linearly dependent on density and cannot be ignored in
the description of failure stress. The second conclusion is associ-
ated with the choice of the appropriate description. For example
the Tsai–Hill criterion (developed by Daniel, 2007) based on the
polynomial with Cauchy stresses as failure stresses describes thefailure in plane stress state. In this case it is not sufﬁcient to prove
correctness of the criterion for one or a few stress states but for all
stress states described by the criterion. The same problem is gen-
erated by tensor polynomial criteria. Hence the Szalai approach,
when the description is carried out on the basis of the same stress
state, for example the tensile or compression tests, seems to be
correct on the assumption that this description will be reduced
to one condition and the description is compatible with other
stress states.2. Failure mechanisms of pine wood (Pinus silvestris) under
tension and compression in longitudinal-radial orthotrophy
plane
Two failure mechanisms of pine wood structure are observed
under tension loading. The ﬁrst mechanism occurs while the frac-
ture surface of wood is oriented transversely to the grains, the sec-
ond while the fracture surface of wood cell structure is oriented
along the grains. The ﬁrst mechanismmainly occurred for the grain
angle of H ¼ 0. For H ¼ 0 the specimens failed in many areas of
fracture surface by brittle transverse fracture of both earlywood
grains and latewood grains in the 2, 3 orthotropy plane for smaller
and higher values of wood density (Fig. 2). Furthermore, wood is
sheared along the tangential directions along the middle lamella
regular and irregular along the layer of earlywood. Pine wood in
some regions of fracture surface fails by tension buckling which
leads to pulling out of the tracheids from the structure of wood.
The second mechanism occurred for the angle H equal to 30,
45 and 90. The analysis of the micrographs in the transverse
cross-section of wood ﬁbers allows to conclude that the failure of
wood forH ¼ 30;45 is a result of the mainly intercellular fracture
in earlywood layers. Furthermore, a view of a fracture surface
shows that the grain bands can be torn out from the structure of
wood during the failure processes. However, the rays are damaged
by transverse fracture of these cells. Three failure mechanisms oc-
curred in compression tests of pine wood. These mechanisms are:
kinking of band grains, shearing and collapse of earlywood struc-
ture of the pine wood structure. The ﬁrst mechanism occurred
for the angle H equal to 0, the second and third for 25 and 45,
the third for 90. In the case of 90 angle, the cellular structure
underwent the processes of collapse (Fig. 3). The processes did
not originate in the ﬁrst cells of earlywood. The micrographs
showed that the processes of collapse are a result of two processes
of plastic deformation and crack of cell walls. The structure of pine
wood undergoes two processes in the off-axis compression tests.
The ﬁrst is the early stage of collapse processes while the deforma-
tion of structure is affected by plastic hinges which occur in trac-
heids of earlywood. The second phase of failure processes is
shearing of cells of earlywood.
In the micrograph the crack of cells structure is visible below
the fracture surface, hence it may be concluded that the structure
does not undergo shearing only in middle lamella layers.
On the basis of observation of pine wood fracture surfaces un-
der tension and compression in longitudinal-radial orthotropy
plane it may be concluded that failure mechanisms for compres-
sion and tension are different. Therefore it seems that two different
descriptions, one for compression the other for tension, should be
applied to describe the failure stress.3. Theoretical background to describe the failure stress in
uniaxial normal stress states
Gol’deblat and Kopnov (1965) ﬁrst introduced the tensor poly-
nomial to describe the failure stresses of anisotropic materials.
They gave this polynomial in form
Fig. 2. The failure mechanisms of pine wood structure under tension loading in 1, 2 orthotropy plane for different grain angle H.
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where Pi; Pij; Pijk; Pijkl; . . . ; – are even rank failure tensors,
a ¼ 1=2; b ¼ 1=3; c ¼ 1=4, etc. Malmejster (1966) proposed the ten-
sor polynomial in the form
Piri þ Pijrirj þ Pijkrirjrk þ Pijklrirjrkrl þ       ¼ 1; ð2Þ
which is limited to the two ﬁrst terms which constitute the Tsai-Wu
criterion
Piri þ Pijrirj ¼ 1: ð3ÞUniaxial normal stress state according to Eq. (3) may be ex-
pressed by one of the three equivalent forms of Tsai–Wu criterion
as follows:P1r1 þ P11r21 ¼ 1; P2r2 þ P22r22 ¼ 1; P3r3 þ P33r23 ¼ 1; ð4Þwhere P1; P2; P3; P11; P22; P33 are the components of the second
and fourth rank failure tensors. The strength tensors in matrix form
for orthotropic materials may be written as follows:
Fig. 3. The failure mechanisms of pine wood structure under compression loading in 1, 2 orthotropy plane for different grain angle H.
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P1 0 0
P2 0
P3

; Pij ¼
P11 P12 P13 0 0 0
P22 P23 0 0 0
P33 0 0 0
P44 0 0
P55 0
P66


: ð5ÞThe P1; P2; P3; P11; P22; P33 components in rotated coordinate
system relative to the principal coordinate system undergo the
transformation on P01; P
0
2; P
0
3; P
0
11; P
0
22; P
0
33 according to tensor
transformation law. The three independent successive rotations
of the Cartesian coordinate system 1, 2, 3 about these axes are
needed to obtain the arbitrary orientation of this system in 3D
space. Let us assume that the system of axes 1, 2, 3 is rotated ﬁrst
about axis 3 by H angle (Fig. 4) to orientation 1; 2; 3. Then the
 sina
cosu cosH sinu cosa
sinu cosH cosu cosa
3
75 ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
2
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3
75 ð7Þ
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rotation about axis 2 by angle a. The axis in 3D space assumes ori-
entation 10; 2; 3. A closing orientation of axes 1, 2, 3 in space is
carried out by rotation of the coordinate system 10; 2; 3 about
axis 10 by u angle to orientation 10; 20; 30.
These three rotations are expressed by the following three
matrixes:
A1 ¼
cosH sinH 0
 sinH cosH 0
0 0 1
2
64
3
75; A2 ¼
cosa 0  sina
0 1 0
sina 0 cosa
2
64
3
75
and A3 ¼
1 0 0
0 cosu sinu
0  sinu cosu
2
64
3
75:
ð6Þ
The product of the three matrixes
A ¼ A3A2A1 ¼
cosa cosH cosa sinH
sinu sina cosH cosu sinH sinu sina sinHþ
cosu sina cosHþ sinu sinH cosu sina sinH
2
64
constitutes the matrix of direction cosines for the structural coordi-
nate system rotated byH; a; u angles relative to coordinate system
1, 2, 3. The additional rotation of the 10, 20, 30 system of axes about
the axis 10 by angles equal to p=2 and p=2 is expressed by the
matrixes
AI ¼
a11 a12 a13
a31 a32 a33
a21 a22 a23
2
64
3
75 and AII ¼
a11 a12 a13
a31 a32 a33
a21 a22 a23
2
64
3
75:
ð8Þ
The analysis of matrixes 7 and 8 showed that the additional
rotation does not change the P01 and P
0
11 components but changes
the P02 and P
0
22 to P
0
3 and P
0
33 and the P
0
3 and P
0
33 to P
0
2 and P
0
22. The
additional rotation of the 10; 20; 30 system of axes about the axis
20 by angles equal to p=2 and p=2 is expressed by matrixes
AIII ¼
a31 a32 a33
a21 a22 a23
a11 a12 a13
2
64
3
75 and AIV ¼
a31 a32 a33
a21 a22 a23
a11 a12 a13
2
64
3
75
ð9Þ
and in consequence these rotations do not change the P02 and P
0
22
components, whereas the P01 and P
0
11 change to P
0
3 and P
0
33 and the
P03 and P
0
33 change to P
0
1 and P
0
11. Similarly, the additional rotation
of the 10; 20; 30 coordinate system about axis 30 does not change
the P03 and P
0
33 components and changes the P
0
1 and P
0
11 to P
0
2 and
P022 in accordance with the matrixes
AV ¼
a21 a22 a23
a11 a12 a13
a31 a32 a33
2
64
3
75 and AVI ¼
a21 a22 a23
a11 a12 a13
a31 a32 a33
2
64
3
75:
ð10Þ
Fig. 5A shows the uniaxial tension stress state. Assuming that
vector of the normal stress is equal to 1 then its orientation in
Cartesian coordinate system 10; 20; 30 may be determined by the
10 or 20 or 30 axis. Then the one unit vector or two unit vectors lo-
cated along the axis 10 or 20 or 30 are the unit tensor objects denoted
as P1; P2; P3 for second rank tensor and P11; P22; P32 for fourth
rank tensor. Because the scalar products of the normal stress and
vectors of the axes 10; 20 and 30
r1 e1 ¼1 1¼1; r2 e2 ¼1 1¼1; r3 e3 ¼1 1¼1 and ðr1 e1Þðr1 e1Þ¼ ð1 1Þð1 1Þ¼1;
ðr2 e2Þðr2 e2Þ¼ ð1 1Þð1 1Þ¼1; ðr3 e3Þðr3 e3Þ¼ ð1 1Þð1 1Þ¼1
ð11Þare equal to one, then the functions determining the orientation of
normal stress vector ri ¼ 1 (i = 1 or 2 or 3) in axes 10; 20 and 30 rel-
ative to the principal Cartesian coordinate system 1, 2, 3 are as
follows:
P01r1  e1 ¼ P01; P02r2  e2 ¼ P02; P03r3  e3 ¼ P03;
P011ðr1  e1Þðr1  e1Þ ¼ P011; P022ðr2  e2Þðr2  e2Þ ¼ P022;
P033ðr3  e3Þðr3  e3Þ ¼ P033:
ð12Þ
Hence the orientation of unit vector or two unit vectors, as the
objects of the second or fourth rank tensors, relative to the princi-
pal system of axes may be used to determine the components
P01; P
0
2; P
0
3; P
0
11; P
0
22; P
0
33 of the transformed tensors. Then
P01; P
0
2; P
0
3; P
0
11; P
0
22; P
0
33 are components of the failure tensors ob-jects P01P1; P
0
2P2; P
0
3P3; P
0
11P11; P
0
22P22; P
0
33P33 and are presented in
a graphical form for tension in Fig. 5B.
The components of these objects can be written as matrixes
whose form for orthotropic materials is as follows
Pi ¼
PI1 0 0
PI2 0
PI3

; Pij ¼
PI11 P12 P13 0 0 0
PI22 P23 0 0 0
PI33 0 0 0
P44 0 0
P55 0
P66


; ð13Þ
where PI1; P
I
2; P
I
3 and P
I
11; P
I
22; P
I
33 are values of tensor components
P0Ii and P
0I
ij respectively for the principal coordinate system.
P12; P13; P23; P44; P55 and P66 are the parameters of component
P0ij of the fourth rank failure tensor. In the case when the
P4; P5; P6 and P44; P55; P66; Pij for i– j are parameters only of P
0
i
and P0Iij components then these components are not components
of failure tensors but components of objects formed on the basisFig. 4. Rotation of the Cartesian coordinate system to arbitrary orientations
10; 20; 30 relative to the principal system of axes 1, 2, 3.
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Fig. 5. Orientation of tensile, compression, tensile and compression stress in the rotated coordinate system and graphical forms of failure tensors objects assigned to the
above stresses.
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Fig. 6. Determining the parameters of failure stresses models.
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transformation like the components of tensor and are expressed
by the following formulas in the conventional tensor notation
P0Ið1þmÞð1þmÞ ¼ PIiia2ð1þmÞi þ Pijað1þmÞiað1þmÞj
P0Ið1þmÞð1þmÞð1þmÞð1þmÞ ¼ PIiiiia4ð1þmÞi þ Pijklað1þmÞiað1þmÞjað1þmÞkað1þmÞl;
ð14Þ
for m = 0, 1, 2 and i, j, k, l = 1, 2, 3. The analysis of the matrixes (7)–
(10) leads to the conclusion that it is possible to introduce product
direction cosines to Eqs. (14) in the form
P0Ið1þmÞð1þmÞ ¼ PIiiþ
X
kii
akii
Y
pii ;qii
aðpiiþmÞqii
 !0@
1
Aað1þmÞiað1þmÞi
þ Pijþ
X
kij
akij
Y
pij ;qij
aðpijþmÞqij
0
@
1
A
0
@
1
Aað1þmÞiað1þmÞj;
P0Ið1þmÞð1þmÞð1þmÞð1þmÞ ¼ PIiiiiþ
X
kiiii
akiiii
Y
piiii ;qiiii
aðpiiiiþmÞqiiii
 !0@
1
Aað1þmÞiað1þmÞiað1þmÞiað1þmÞi
þ Pijklþ
X
kijkl
akijkl
Y
pijkl ;qijkl
aðpijklþmÞqijkl
0
@
1
A
0
@
1
Aað1þmÞiað1þmÞjað1þmÞkað1þmÞl
ð15Þ
where s ¼ pij; pijkl; qij; qijkl; pii; piiii; qij; qiiii ¼ 1; 2; 3 and
akii ; akiiii ; akij ; akijkl are parameters of components of the objects
formed on the basis of unit tensor objects. In the case when the
s +m = 4 then one is substituted instead of four, for s +m = 5 this
sum is substituted by two. The result of the introduction of the
anisotropy failure functions
Aii ¼
X
kii
akii
Y
pii ;qii
aðpiiþmÞqii
 !
; Aij ¼
X
kij
akij
Y
pij ;qij
aðpijþmÞqij
0
@
1
A;
Aiiii ¼
X
kiiii
akiiii
Y
piiii ;qiiii
aðpiiiiþmÞqiiii
 !
and Aijkl ¼
X
kijkl
akijkl
Y
pijkl ;qijkl
aðpijklþmÞqijkl
0
@
1
A;
ð16Þ
to Eqs. (15) is the expansion of the descriptions carried out in ob-
jects to object ﬁelds. The anisotropy failure functions must satisfy
the symmetry condition that it must be invariant while the coordi-
nate system 10; 20; 30 is rotated by p about the axes 30; 20; 10. These
rotations, relative to 7, matrix are expressed by the following ma-
trixes respectively:
AðH¼pÞ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
2
64
3
75; Aða¼pÞ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
2
64
3
75;
Aðu¼pÞ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
2
64
3
75: ð17Þ
In conclusion, the application of the object ﬁelds in Eqs. (4), in-
stead of the second and fourth rank tensors, allows more correct
description of failure of anisotropic materials in the uniaxial nor-
mal stress state. That is the result of the objects independence of
other stress states and the possibility of extensive formation of
the components of these objects, which are a surface and hypersur-
faces in hyperspace of H; a; u angles, by the application of the
anisotropy failure functions. Furthermore the description of nor-
mal failure stresses may be obtained for compression and tension
or compression by using the objects whose components are pre-
sented in a graphical form in Fig. 5.4. Four models of description of pine wood failure in uniaxial
normal stress
The description of the failure of pine wood under uniaxial nor-
mal stress states in 1, 2 (Fig. 1) orthotropy plane may be carried out
by means of one of the three Eqs. (4). Compression and tensile tests
were carried out on pinewood in order to determine the relation
between the failure stresses and density. In total 68 samples were
tested on compression and tension. The moisture content of the
samples tested on compression ranged between 8.8% and 9.8%
while the moisture content of those tested on tension ranged be-
tween 8.4% and 10%. Hence the tensile and compression failure
stresses as well as density were converted to 12% MC according
to ISO 3345 (1975), ISO 3787 (1976) and ISO 3131 (1975) assuming
correctness of calculations for the off axis tests. On the basis of
tests (Galicki and Czech, 2001; Galicki and Czech, 2005) the depen-
0.0006 0.0010 0.0014 0.0018 0.0022 0.0026 0.0030
A1
30.5
31.5
32.5
33.5
34.5
F
ρ=0.415g/cm3
M
N
Fig. 7. The estimation of parameters A1 of the ﬁrst model of failure stresses.
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density for grain angles H of pine wood. These dependencies for
tension and compression for grain angle equal to zero are ex-
pressed by formulas
rt0 ¼ at þ btq and rc0 ¼ ac þ bcq; ð18Þ
in MPa respectively, where at ¼ 10;498
MPa; bt ¼ 3733 MPacm3=g; ac ¼ 1341 MPa; bc ¼ 1257 MPacm3=g
are parameters of linear failure stress functions, q-density of wood
in g=cm3. Furthermore it was shown that tensile failure stresses for
grain angles equal to 30, 45 and 90 are rt30 ¼ 12:13 2:4 MPa
(mean values  standard deviation), rt45 ¼ 6:49 2:4 MPa and
rt90 ¼ 1:93 MPa respectively and are independent of density. The
compression failure stresses for grain angle equal to 25, 45 and
90 are rc25 ¼ 19:29 1:52 MPa; rc45 ¼ 10:04 1:22 MPa and
rc90 ¼ 5:18 MPa respectively and are also independent of density.
Eq. (4) has two solutions in form
rt ¼
P01 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P021 þ 4P011
q
2P011
and rc ¼
P01 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P021 þ 4P011
q
2P011
ð19Þ
when the components of objects P01P1 and P
0
11P11 are the same for
tension and compression (Fig. 5E and F). Taking into consideration
the models based on the monomial of the second degree is essential
as it ensures precise solution for grain angles at 0 and 90 for com-
pression and tension at the same time. However, in the range of an-
gle variability from 0 to 90, due to varied character of failure, one
should rather expect the lack of correlation between compression
and tension expressed in Eq. (4). Hence for this range of grain angle
we should consider the possibility of separate descriptions of com-
pression and tension. Then the ﬁrst one-parameter model describ-
ing the failure of wood in uniaxial normal stress states in 1, 2
orthotropy plane is as follows:
r P1 cos2HþP2 sin2H
 
þr2ðP11 cos4HþA1 sin2 2HþP22 sin2HÞ¼1; ð20Þ
where
P1 ¼ 1rt0
 1
rc0
; P2 ¼ 1rt90
 1
rc90
; P11 ¼ 1rt0rc0
; P22 ¼ 1rt90rc90
ð21Þand A1 ¼ P66 þ P12=2 is a parameter. The second model is a modiﬁ-
cation of the ﬁrst model by the addition of anisotropy failure func-
tion A ¼ B2a211 to P2 components. Then the formular P1 cos2Hþ B2 cos2Hþ P2
 
sin2H
h i
þ r2 P11 cos4Hþ A2 sin2 2Hþ P22 sin2H
 
¼ 1 ð22Þexpresses the two-parameter model which is determined in object
ﬁeld P0Ii P
I
i and object P
0I
iiP
I
ii. The following two formulas determine
the third model of wood failure (Fig. 5A–D). The ﬁrst describes
the tensile failure stress, the second describes the compression fail-
ure stress as follows:r Pt1 cos
2HþPt2 sin2H
 
þr2 Pt11 cos4HþA3t sin2 2HþPt22 sin2H
 
¼1;
r Pc1 cos
2HþPc2 sin2H
 
þr2 Pc11 cos4HþA3c sin2 2HþPc22 sin2H
 
¼1;
ð23ÞwherePt1 ¼
1
rt0
 1
B3t
; Pt2 ¼
1
rt90
 1
C3t
; Pt11 ¼
1
rt0B3t
; Pt22 ¼
1
rt90C3t
;
Pc1 ¼
1
B3c
 1
rc0
; Pc2 ¼
1
C3c
 1
rc90
; Pc11 ¼
1
B3crc0
; Pc22 ¼
1
C3crc90and A3t; B3t; C3t; A3c; B3c; C3c are the parameters for tension and
compression respectively of a six-parameter model. According to
Eq. (19), each of the two Eq. (23) has two solutions. Nonetheless
while the objects P0Iti P
It
i and P
0It
ii P
It
ii describing the tensile failure stress
and P0Ici P
Ic
i and P
0Ic
ii P
Ic
ii describing the compression failure stress then
according to Eqs. 11 and 12 each of the two Eqs. (23) has one solu-
tion. The fourth model, similarly to the third model, is expressed by
two formulas for tension and compression as follows:
SL
M
FL
C1
C2
C3
FM
N
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 
sin2H
h i
þ r2 P11 cos4Hþ A4t sin2 2Hþ P22 sin2H
 
¼ 1;
r P1 cos2Hþ E4c cos2Hþ P2
 
sin2H
h i
þ r2 P11 cos4Hþ A4c sin2 2Hþ P22 sin2H
 
¼ 1; ð24Þ
where A4t; E4t; A4c and E4c are the parameters of four-parameter
models. Thus formulated model is formed on the basis of ﬁelds of
P0Iti P
It
i and P
0Ic
i P
Ic
i objects, through the introduction of the failure
anisotropy functions, and P0Itii P
It
ii and P
0Ic
ij P
Ic
ij objects to the description
of failure stresses. According to Eq. (21) the objects P0Iti P
I t
i ; P
0It
ij P
I t
ij and
P0Ici P
I c
i ; P
0Ic
ij P
Ic
ij overlap each other for angle H equal to zero and p
forming the objects presented in Fig. 5E and F.
Additionally the models must satisfy the following condition:
jdr=dHj <0 for 00 < H < 90 and dr=dH ¼ 0 for H ¼ 0
and 90: ð25Þ
The conditions results in the decreased tensile and increased
compression failure stress for angle H varying from 0 to 90.B2apA2ap
AM BMA2ac
B2ac
Fig. 9. Least square estimation of parameters A2 and B2 of the second model of
failure stresses.5. Determination of the model parameters of pine wood failure
under uniaxial tension and compression in the principal
orthotropy plane
The connection properties of all the four models is the same
solution to failure stress in the form of Eqs. (19) for structural coor-
dinate system coincided with the principal system of axes. The
advantage of this uniform approach to describe the failure is
appropriate through the reduction of the parameters describing
the failure stresses in accordance with the assumed model and a
possibility to compare descriptions between the assumed models.
In these models the components PI1 and P
I
11 of the P
0I
i P
I
i ; P
0I
ijP
I
ij ob-
jects depend on density, PI2 and P
I
22 are independent of density.
The key question for the ﬁrst model is determination of the A
parameter which allows more correct description of failure by this
model. In Fig. 6 the surface St is the failure surface in the coordinate
system rt; H; q for tension and Sc for compression in the system
of axes rc; H; q. The surfaces St and Sc may be divided into n
pieces by the same planes parallel to the plane determined by axes
rt; H and rc; H. Two of these pieces of surfaces St and Sc are areas
between the A–A and C–C curves. Assuming that the values of den-
sity for points A is qA and qc for points C the curves B–B are deter-A 1
0.0014
0.0016
0.0018
0.0020
0.0022
0.0024
0.0026
0.40 0.45
ρ[
model I
Fig. 8. Functional dependence of pamined by intersections of the surfaces St and Sc with the plane
perpendicular to axis q and intersecting this axis in qB density
whose value is the average of qA and qC.
Narrowing the areas between the A–A and C–C curves the val-
ues of parameter A1 of the ﬁrst model for qA and qC tend to be
the values determined for qB. Therefore the parameter A1 can be
taken for these two areas. By writing the function expressing the
least squares for tensile and compression failure stress according
to Eqs. (19)
F ¼ rt A1;qB;450
 
 rt45
h i2
þ rt A1;qB;300
 
 rt30
h i2
þ rc A1;qB;450
 
 rc45
h i2
þ rc A1;qB;250
 
 rc25
h i2
; ð26Þ0.50 0.55
g/cm3]
A1=aρ3+bρ2+cρ+d
rameter A1 on wood density q.
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lue of A1 parameters, for areas of St and Sc surfaces between the A–A
and C–C curves, were determined. Fig. 7 shows the function
F ¼ FðA1Þ and choice of the parameters A1.
The dependence in the form of function A1=A1ðqÞ was obtained
from the determined A1 for other values of density through mono-
mial approximation as shown in Fig. 8.
The second model is based on the two parameters A2 and B2.
Therefore to determine these parameters the function
F ¼ rt A2;B2;qB;450
 
 rt45
h i2
þ rt A2;B2;qB;300
 
 rt30
h i2
þ rc A2; B2;qB;450
 
 rc45
h i2
þ rc A2;B2;qB;250
 
 rc25
h i2
ð27Þ
whose graph as a surface S in F, B2; A2 coordinate system must be
considered (Fig. 9).
The minimal value of function F ¼ FðA2; B2Þ (point M) deter-
mines the more correct approximation of these parameters (in
Fig. 9 AM and BMÞ in pieces of St and Sc surfaces restricted by A–A
and C–C curves shown in Fig. 6. Nonetheless for the considered
experimental data the parameters AM and BM do not satisfy the
inequalities (25). Therefore intersecting the surface S by planes
parallel to the plane determined by F and B2 axes and starting with
point M the curve C1 may be found whose minimum (point L) sat-
isﬁed the condition (25). Then the point L determined the approx-A 2
0.0002
0.0006
0.0010
0.0014
0.0018
0.40 0.45
ρ[g/c
model II accurately
A2 =aρ3 +b
model II
B 2
-0.28
-0.24
-0.20
-0.16
-0.12
-0.08
0.40 0.45
ρ[g
model II approximately
model II
Fig. 10. Functional dependence of parametersimate values of these parameters A2ap and B2ap. Extending the
determination of these parameters in the whole range of wood
density variation more pairs of A2ap; B2ap can be obtained. Finally
applying the monomial approximation, as shown in Fig. 10, the
functions A2ap ¼ A2apðqÞ and B2ap ¼ B2apðqÞ describe these parame-
ters versus variation of wood density.
Accurate determination of A2ac and B2ac may be obtained when
the point N is found on the C3 curve satisfying the (25) condition
for which the difference
DF ¼ FðAL;BLÞ  FðAN; BNÞ ð28Þ
takes the maximal values. Point N may be found by investigations
into Eq. (28) and condition (25) for curves C2 obtained as a result
of intersections of the surface S with the successive planes parallel
to F and B2 axes. Coordinates A2ac and B2ac of the point N showed the
accurate values of A2 and B2 parameters of the second model in the
areas of failure stresses restricted by A–A and C–C curves (Fig. 6).
Determining the parameters A2ac and B2ac for other areas of failure
stress surfaces and applying the monomial approximation the func-
tions A2ac ¼ A2acðqÞ and B2ac ¼ B2acðqÞ were obtained, as shown in
Fig. 10. The parameters of the third and fourth models were deter-
mined using the least square method for compression and tension
separately. For this purpose, in the range of density corresponding
to A–A and C–C curves the failure curves for other densities were
investigated. On the basis of these curves the parameters of the0.50 0.55
m3 ]
model II approximately
ρ2 +cρ+d
0.50 0.55
/cm3 ]
B2 =aρ3 +bρ2 +cρ+d
model II accurately
of the second model on wood density q.
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mined for the assumed range of density. In the case when the range
of density variation is small, these parameters may be assigned to
average density from the interval restricted by A–A and C–C curves.
Extending calculations to other areas of failure surfaces for tension
and compression the series of sets of parameters for different den-
sities were obtained. Veriﬁcation of the correct determination of
parameters was carried out on the basis of possibilities of theirA 3
t
0
4
8
12
16
20
0.40 0.45
ρ[g/c
A3t=aρ4 +bρ2+c
model III
B 3
t
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.40 0.45
B3t=aρ-8
ρ[g/c
model III
A 3
c
7.2
7.6
8.0
8.4
8.8
9.2
0.40 0.45
ρ[g
A3c=aρ3 +bρ2 +cρ
model III
Fig. 11. Functional dependence of parameteraccurate functional descriptions in density as a variable and mini-
mal sum of the least square calculated for separate intervals of den-
sity. Hence in the third model one parameter C3t for tension and
two parameters B3c and C3c for compression were taken as con-
stants. The graphs of three other parameters of the third model
and four parameters for the fourth model are presented in Figs.
11 and 12.0.50 0.55
m3]
C3t =0.217891
0.50 0.55
C3t =0.217891
+b ρ0.5 +c
m3]
0.50 0.55
/cm3 ]
+d
B3c =0.005
C3c =10
s of the third model on wood density q.
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models is presented for tension in Fig. 13 and compression in
Fig. 14.
In these ﬁgures the intersections of failure surfaces for com-
pression and tension are visible, obtained by rotation of the coor-A 4
 
 0.008
 0.010
 0.012
 0.014
0.40 0.45
model IV
tension
ρ[g/c
E 4
t
-1.012
-1.008
-1.004
-1.000
-0.996
-0.992
0.40 0.45
E4t =aρ3 +bρ
ρ[g/c
model IV
E 4
c
0.57
0.59
0.61
0.63
0.65
0.40 0.45
model IV
ρ[g
Fig. 12. Functional dependence of parametersdinate system about axis 3 (Fig. 1), by planes determined by
angles H equal to 25 and 45 for compression and 30 and 45
for tension. Furthermore the experimental mean values of failure
stress in the form of straight lines together with standard devia-
tions (broken lines) are marked on the graphs of these intersec-0.50 0.55
compression
A4 =aρ3 +bρ2 +cρ+d
m3 ]
0.50 0.55
2
+cρ+d
m3 ]
0.50 0.55
/cm3 ]
E4c=aρ3 +bρ2 +cρ+d
of the fourth model on wood density q.
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and grain angle H for the fourth model are shown in Fig. 15.6. Discussion
The different criteria are applied for descriptions of failure
stresses for anisotropic materials. The form of each criterion con-
stitutes the implicit functions of stress tensor components. These
functions may be formulated for different stress states. Usually
these functions are formulated for plane or complex stress states.
Nonetheless for thus presented questions it is difﬁcult to accu-
rately estimate the parameters of these criteria, because it is car-
ried out on the basis of experiments which can be realized.
Furthermore the assumed criterion may not be positively veriﬁed
by experiments. Therefore the approach seems appropriate when
the description of failure stresses for anisotropic materials is
formed by fragmentary, mutually compatible descriptions. In the
work to describe the compression and tensile failure stress in the0.38 0.42 0.46
ρ[
6
8
10
12
14
σ
t3
0[M
Pa
]
model II accur.
model III e
0.38 0.42 0.46
ρ[g
4
5
6
7
8
9
σ
t4
5[M
Pa
]
model I model II a
model III expe
A
B
Fig. 13. The graph of four models and experimental values of tensileprincipal orthotropy plane for wood the second degree object
monomial and object ﬁeld monomial were used. Applying these
descriptions to other orthotropy planes and arbitrary orientations
of the coordinate system the descriptions of failure for normal
stress states may be obtained. Basing on the other objects the
description may be extended to other stress states. In the case of
triaxial compression for porous materials while the failure locus
is convex closed surfaces as well as for other stress states the pre-
sented descriptions constitute the ﬁnal solutions. The two ap-
proaches, presented in literature, are applied for the estimation
of the parameters used for descriptions of failure stress. The ﬁrst
is based on determining parameters from uniaxial stress states in
symmetry anisotropy axes (for examples Tsai–Hill criterion). The
second is based on the least square determination of these param-
eters (Eberhardsteiner, 2002; Theocaris et al., 1997). In the work
some parameters were used as in the ﬁrst approach, others as in
the second approach. The status of P1; P11; P2 and P22 components
in Eq. (28) is different from other parameters which does not affect0.50 0.54 0.58
g/cm2]
model I
model II appr.
model IV
xperiments
0.50 0.54 0.58
/cm2]
ppr. model II accur.
model IVriments
failure stresses for two grain angles, A — H ¼ 30 ; B — H ¼ 45 .
J. Galicki / International Journal of Solids and Structures 46 (2009) 4298–4312 4311the failure stress in orthotropy directions. Hence for the correct
descriptions variation in the wide range of components is not pos-
sible. Furthermore on the assumption that the P1; P11; P2 and P22
could be determined from the least square method the incompat-
ibility descriptions for other orthotropy planes would be obtained.
The work was an attempt to introduce density to failure stresses
description. The investigation into the fourth model of failure com-
pression and tensile stresses showed that ﬁnding one formula
describing the compression and tension is difﬁcult. This fact
undoubtedly reﬂects different failure processes occurring in the0.38 0.42 0.46
ρ[
-21
-19
-17
σ
c2
5[M
Pa
]
model I
model IV exp
0.38 0.42 0.46
ρ[
-13
-11
-9
-7
σ
c4
5[M
Pa
] m
model IV
A
B
Fig. 14. The graph of four models and experimental values of compressistructure of wood under compression and tension. The ﬁrst two
models cannot be used to describe normal failure stress because
the failure surfaces, according to Figs. 13 and 14, are located out-
side the intervals determined by standard deviations. The applica-
tion of different objects for tension and compression signiﬁcantly
improved the description of failure stresses. Nonetheless, as results
from Table 1 indicate, the introduction of the ﬁelds of objects to the
fourth model allows more precise description of tensile and com-
pression failure stresses. This effect cannot be achieved on the ba-
sis of tensor monomial of the second degree in the form of Tsai-Wu0.50 0.54 0.58
g/cm3]
model II appr.
model II accur.
model III
eriments
0.50 0.54 0.58
g/cm3]
model II appr.
model II accur.
odel I
model III
experiments
on failure stresses for two grain angles, A — H ¼ 25 ; B — H ¼ 45 .
experimental lines
A
experimental lines
B
Fig. 15. Failure surfaces in accordance with the fourth model of failure stresses.
Table 1
Maximal and minimal deviation of failure surface for models and grain angles from
mean values of stress failure.
Interval of deviation variation [MPa] of model
H½0 I II appr. II accur. III IV ±SD [MPa]
25c* 0.260 1.350 2.650 0.007 0:001  0 1.52
1.690 0.875 1.450 0.780 0:0025  0
45c 1.740 2.510 2.910 1.230 0:001  0 1.22
1.505 2.270 2.727 0.007 0:001  0
30t* 4.560 2.697 2.026 0.374 0.258 2.04
4.950 4.010 2.840 0.460 0.290
45t 2.653 2.077 1.930 0.168 0.045 2.4
2.720 2.400 1.960 0.245 0.050
c* – compression, t* – tension.
4312 J. Galicki / International Journal of Solids and Structures 46 (2009) 4298–4312criterion, or for the ﬁrst degree monomial in the form of Ashkenazi
criterion (Galicki, 2007).
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